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1. Introduction 

In the following chapters we prove various results for control of 
systems governed by functional differential equations of neutral type. These 
equations are generalizations of the equation 

x(t) + Ax(t-h) = Bx(t) + Cx(t-h) + Du(t), 

which has been studied extensively (for example, see Bellman and Cooke [4]). 

Chapter 2 contains results in the theory of neutral equations. The 
form of the left-hand side of equation (2.1) given by (2.3) was first used in 
Hale and Meyer [ l4] . The type of hereditary dependence employed here occurs 
especially in integral equations; although this dependence puts a different 
topology on the domain of the functions than that used in the original proofs 
of the main theorems, the change does not alter the proofs significantly. 
Needless to say, the work of Professor Hale and his associates has greatly 
influenced many of the ideas and proofs in this thesis. 

In chapter 3 we develop the concepts which will be used to prove 
necessary conditions. The definitions of C(l,X)„, and of a quasi-convex 
family are extensions of the definitions of AC(I.X) V . and of an absolutely 
quasi-convex family given in Banks [ 1] . The general approach of the proof 
of theorem 3.1 follows a proof given by Neustadt [21; theorem 3.1] in the 
case of ordinary differential equations; Neustadt gives credit to Gamkrelidze 
[10; theorem 2.1] for many of the ideas of the proof. 

Chapter 4 contains three control problems and the corresponding 
necessary conditions. In addition, results for the third problem from a 
slightly different approach are stated without proof. The proofs use the 
properties of quasi-convex families in a manner similar to that of the proofs of 
Neustadt in [21] and [22]., rather than the techniques of the Hamiltonian func- 
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tion and variations as used by Pontryagin et al. in [23]. Kamenskii and 
Khvilon [ 19 ] use the latter method to obtain necessary conditions for the equa- 
tion 



x(t) = f(x(t), x(h(t)), x(h(t)), u(t)). 

Although they allow nonlinearities in x(h(t)), the rest of their assumptions 
are much more restrictive than those made below. Theorem 4.3 describes nec- 
essary conditions for driving a solution of the system equations to a terminal 
function rather than a terminal point J the author has not found any other such 
conditions in the literature. Although theorem 4.3 does not give conditions 
under which the multiplier is non-zero on a set of positive measure, chapter 
6 contains several examples with non-trivial ty. 

The sufficiency conditions of chapter 5 are proved by a method first 
used by Rozonoer [24] for ordinary differential equations and cost functions 
which are linear in x. He pointed out [24j pp. l4l2, 1420] the necessity of 
assuming a° / 0 in the case of a restrained terminal point. Halanay [11] 
extended Rozonoer' s result to retarded equations in the case of a free end- 
point. Lee [20] obtained a more general sufficiency theorem for ordinary dif- 
ferential equations. In parts (B) and (C) of that theorem he states ex- 
plicitly that a° = -lj although he does not state a° / 0 in part (A), his 
proof uses a lemma which requires a° < 0. All of the above results except 
part (C) of Lee's theorem are included in theorem 5.1. Theorems 5.3 and 5.4 
on the existence of optimal controls are generalizations, from ordinary dif- 
ferential equations to neutral equations, of theorems 4.1 and 4.2 of Jacobs 
[l8]. These are included to show a class of problems for which an optimal 
control existsj no attempt has been made to prove the most general existence 



theorem. 
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The first part of chapter 6 shows the relation between certain types 
of hyperbolic partial differential equations with boundary controls and neutral 
equations with control. Other authors have shown that some hyperbolic partial 
differential equations can be transformed into neutral equations (see [5] and 
[7]). Theorem 6. 1 is a specialization of theorem 4.3 to equations with one 
fixed lag and constant coefficients, a fixed initial function, and a fixed final 
time. It can be understood independently of most of the rest of the thesis, 
requiring only some knowledge of such equations, lemma 3.3 (conditions for a 
family of functions to be quasiconvex), and remark 4.6 (on non-triviality of 
the multipliers). The last part of the chapter contains examples for which 
problem 4.3 is normal and theorems 4.3 (or 6.1) and 5.2' prove certain controls 



are optimal. 
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2. Neutral Equations 

We will work on an interval [a^a), where < tg < a < ». 

A function h(x(*),t) may depend on any or all values x(s), a < s < t. 

On C([a ,t],R n ) we use the norm ||ty||. = sup | \^( s) | (the subscript t 
° a 0 < s < t 
may be ommitted). Throughout the discussion the following convention holds: 

If ^ e C([a Q , x],R n ), t Q < x < t < a, we also consider e C([a ,t],R n ) by 

setting i|/(s) = \|?( T ) for s 6 [x,t]. x denotes the restriction of x to 

[a^cr]. We note that this convention means for tg < a < t < a, x and 

are both elements of C([c*g, t],R n ), but unless x is constant on [cr,t] they 

are different functions. 

We consider the equation 

(2.1) . § t -£D(x(-),t)] = f(x(-),t) 

together with the initial condition 

(2.2) x(t) = cp(-b) on [cfytg]. 

\ 

We shall consider y to be a (local) solution of (2.1), (2.2) if there is a 
x, tg < x < a, such that y satisfies (2.2) and satisfies (2.1) a.e. on 
[tg,x]. Unless otherwise stated we also require a solution y to be in 
C([a 0 ,x],R n ). 

The following standing assumptions are made: 

t 

D(x(*),t) = x(t) - g(x(-),t) = x(t) - / d 0 [p(t,0)]x(0) 



(2.3) 



